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It is shown that the method of Chernoff developed in the preceding paper 
can be modified to prove the essential self-adjointness on Com(Rm) of all positive 
powers of the Schrijdinger operator T = --d + q if q is real and in Cm(Rm) 
and if T > -a - b ( x 1% on Corn(P). 
The preceding paper by P. Chernoff contains the following result 
as a special case. Consider the Schrodinger operator T = --d + q, 
where 4 is in Cm(Rn) and real-valued. All powers Tn, n = 1,2,..., of T 
are essentially self-adjoint on CoCO(Rm) (as an operator in the Hilbert 
space H = L2(Rm)) if T is semibounded on Com(Rm). The purpose 
of this note is to show that a slight modification of Chernoff’s proof 
enables one to replace the semiboundedness by a weaker condition of 
the form 
T> --a-61112 on Co”(Rm). (1) 
It is not difficult to prove a similar result for the operator T in 
which d is replaced by a general second-order differential operator 
of elliptic type, with condition (1) modified accordingly. In this note, 
however, we shall restrict ourselves to the simple case mentioned 
previously. 
For the proof, we first note that we may assume a = 0 and 6 = 1 in 
(1) without loss of generality. Then we consider the Cauchy problem 
d%/dt2 + Tu + 4t2u = 0, u(0) E Corn, C(O) = 0. (2) 
Since (2) is a wave equation with a smooth potential q(x) + 4t2, 
the solution u exists uniquely with u(t) E Corn for all t. Furthermore, 
u(t, 3) is C” jointly in t, X. 
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LEMMA. II WI = O(l t 13), t -+ &a. 
Proof. (2) gives for t >, r > 0 
II ~(t)l12 + ((I’ + 4t2)@), u(t)) = C, + St 8s I/ u(s)l12 ds, r (3) 
where C, is the value of the left member at t = r. Since the propaga- 
tion velocity for the wave equation (2) is 1, u(t) has support in 
B(t + R) if u(0) h as support in B(R). (B(R) denotes the ball in Rm 
with center 0 and radius R.) In view of (1) (with a = 0, b = I), we 
have, therefore, 
(CT + 4t2M9, w > [44t2 - (t + vl II u(q112 3 t2 I/ u(t)112, 
if t > r = 2R. (3) and (4) give 
(4) 
t2 II W2 < C, + j-” 8s II 4s)l12 & t>r=2R. 
7 
Solving this inequality by Gronwall’s formula, we see that 
11 u(t)11 < C’t3 for t >, 2R, where C’ is a constant depending on u. 
Since we have a similar result for t < 0, the lemma is proved. 
To prove the theorem, we fix n. It suffices to show that for each of 
some two complex numbers h with Im h 2 0, + E H and (4, T”?P) = 
A(#, Y) for every Y E Coa imply rj = 0. 
Suppose 4 satisfies these conditions and setf(t) = (4, u(t)), where u 
is the solution of (2). Writing D = d/d, we have (-D2 - 4t2)u = Tu, 
and, hence, (-D2 - 4t2)% = T%. Hence, 
(-02 - 4fyf(t) = ($3, T”u(t)) = A($, u(t)) = Af(t). (5) 
Let pIG , k = 1, 2 ,..., n, be the distinct nth roots of A. Then (5) gives 
(02 + 4t2 + p1)(D2 + 4t2 + p.J **. (02 + 4t2 + p&(t) = 0. (6) 
Hence, we have 
f =g, +g, + *.- +g,, (7) 
where g, is a solution of 
(D2 + 4t2 + CLTJg?c(t) = 0. (8) 
This is an ordinary differential equation with an irregular singular 
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point at t = co. The standard method shows thatgk has the asymptotic 
form 
gk(t) = t-1/2[ake~~atk~4 (1 + o(t-1)) + bke-itat-iu~‘4(1 + O(t-“))I, (9) 
as t --f co, Here pk is not real, since pkn = X is not real. We may 
assume that the Im pk are distinct by choosing arg h appropriately. 
Furthermore, 01~ = / Im pk j may be made as large as we please, say 
ak > 3, by choosing 1 X 1 large enough. Thus, one of the two terms in 
[ ] on the right of (9) is very large of the order tak and the other is 
very small of the order t-“k, as t -+ co. 
On the other hand, we have If(t)] < /I 4 I/ /I u(t)11 = O(P) by the 
lemma. Under the circumstances, this is possible only when all the 
coefficients a,, or b, of the “large” terms vanish separately. It should 
be noted that some pk may coincide with some -pj (which happens 
when n is even), but there is no interference between the corre- 
sponding terms since they have different factors eii2 and ,+‘. It 
follows that only “small” terms are present, so that gk(t) = O(tpek) as 
t ---f co. The same is true for t --f -a. 
Then we see from (8) that g, is an eigenfunction, belonging to 
L2(- co, co), of the operator -Da - 4t2 with the eigenvalue pk. 
Since this operator is symmetric (on the set of smooth functions 
vanishing rapidly as t -+ &co, to which g, belongs) and since px: 
is not real, we conclude that g, must vanish. Since this is true for 
every k, we have f = 0 by (7). 
In particular we have 0 = f (0) = (4, u(O)). Since u(O) E Corn is 
arbitrary, we must have 4 = 0 as required. 
